Abstract: In this paper, attempts have been made to solve nonlinear vibrational equation such as Van Der Pol Oscillator by utilizing a semi analytical Akbari-Ganji's Method (AGM). It is noticeable that there are some valuable advantages in this way of solving differential equations and also the answer of various sets of complicated differential equations can be achieved in this manner which in the other methods it would be difficult to obtain.
Introduction
In this case study, attempts have been made to analyze the vibration equations of nonlinear oscillators by a powerful analytical method which is named Akbari-Ganji's Method (AGM) [1, 2, 3] . The main purpose of this investigation is introducing AGM as an efficient method for solving nonlinear equation in vibrational equation by solving the problems (which is mentioned in other sections) with different assumption of trial functions as the answer of the equations.
Most scientific problems such as vibrational problems are inherently nonlinear and currently studies through this equations has been considered more because there are many practical engineering components consisting of oscillating systems which can be modeled by using oscillatory systems . Except a limited number of these problems, most of them don't have analytical solution. Therefore, these nonlinear equations should be solved using other methods. In addition to all the benefits of using numerical methods, closed form solutions appear more appealing because they reveal physical insights through the physics of the problem.
An overview of the published papers reveals that different authors have utilized different analytical methods for solving nonlinear equations especially in the field of vibrations in order to analyze oscillation systems. Some of these well-known methods can be mentioned as, Homotopy Analysis Method [4, 5] , the He's Amplitude Frequency Formulation method (HAFF) [6, 7] , Parameter-Expansion Mthod [8] , Energy Balance Method [9, 10] , Differential Transformation Method (DTM) [11] , Homotopy Perturbation Method [12, 13] , Adomian Decomposition Method [14, 15] , EXP-function Method [16, 17, 18, 19] and Variational Iteration Method by J.H.He [20, 21] . But the afore-mentioned methods do not have this ability to gain the solution of the presented problem in high precision. Therefore, these nonlinear equations should be solved by using other approaches.
It is necessary to mention that a summary of the excellence of this method in comparison with the other approaches can be considered as follows, Boundary conditions are needed in accordance with the order of differential equations in the solution procedure but when the number of boundary conditions is less than the order of the differential equation, this approach can create additional new boundary conditions in regard to the own differential equation and its derivatives. Therefore, it is logical to mention that AGM is operational for miscellaneous nonlinear differential equations in comparison with the other methods.
Basic idea of Akbari-Ganji's method
In general, vibrational equations and their initial conditions are defined for different systems as follows
Parameter (ω 0 ) angular frequency of the harmonic force exerted on the system and (F 0 )the maximum amplitude its.And initial conditions as follows
Choosing the answer of the governing equation for solving differential equations by AGM
In AGM, a total answer with constant coefficients is required in order to solve differential equations in various fields of study such as vibrations, structures, fluids and heat transfer. In vibrational systems with respect to the kind of vibration, it is necessary to choose the mentioned answer in AGM. To clarify here, we divide vibrational systems into two general forms.
Vibrational systems without any external force
Differential equations governing on this kind of vibrational systems are introduced in the following form
Now, the answer of this kind of vibrational system is chosen as
According to trigonometric relationships, Eq.(4) is rewritten as follows:
It is notable that in the Eq.
Sometimes for increasing the precision of the considered answer of Eq. (3), we are able to add another term in the form of cosine by inspiration of Fourier cosine series expansion as follows:
In the above equation, we are able to omit the term (e −at )to facilitate the computational operations in AGM if the system is considered without any damping components.
Generally speaking in AGM, Eq. (5) or Eq. (6) is assumed as the answer of the vibrational differential equation (3) that its constant coefficients which are a , b , d ,ω ( angular frequency ) andφ(initial vibrational phase) can easily be obtained by applying the given initial conditions in Eq. (2) . And also the above procedure will completely be explained through the presented example in the foregoing part of the paper. It is noteworthy that if there is no damping component in the vibrational system, the constant coefficient a in Eq. (5) and Eq. (6) will automatically be computed zero in AGM solution procedure.
On the contrary, the parameter bin Eq. (5) and Eq. (6) for the other kind of vibrational system with damping component is obtained as a nonzero parameter in AGM.
Vibrational systems with external force
In this step, it is assumed that the external forces exerting on the vibrational systems are defined as
As a result, the differential equation governing on the vibrational system is expressed like Eq. (1) as follows
The answer of the above equation is introduced as the sum of the particular solution (u p ) and the harmonic solution (u h ) as follows
The result answer differential equation Eq.(8) as follows
By utilizing trigonometric relationships
} also by substituting the yielded equations into Eq. (10), the desired answer will be obtained in the form of
In order to increase the precision of the achieved equation, we are able to add another term in the form of cosine by inspiration of Fourier cosine series expansion as follows
And finally in accordance with the Eq. (12), the exact solution of the all vibrational differential equations can be obtained in the following equation
The constant coefficients of Eq. (13) 
, ϕ } will easily be computed in AGM by applying the initial conditions of Eq.(2). To deeply understand the above procedure, reading the following lines is recommended.
Since the constant coefficient ( b)in vibrational systems without damping components is always obtained zero (a = 0) which in the case, to decrease computational operations of Eq. (12) and (or Eq. (13)) in the following form:
Based on the above explanations, by applying initial conditions on a system without damping component, the value of parameter ( a ) is always zero for Eqs. (11) (12) (13) .Therefore without damping component, the role of parameter( a )in the both of Eq. (11-13) which each of them can be considered as the answer of the vibrational problems is individually considered as a catalyst for increasing the precision of the assumed answer. However according to Eqs.(11-13) after applying initial conditions on the vibrational system in both states (with external force and without external force) by AGM, the value of parameter( a )is computed zero because the mentioned system has a free vibration without any damping component.
Again, we mention that in order to decrease computational operations for systems without damping components and since we know that( a )in the term (e −at )is zero so (e −at )can be omitted from Eqs. (11) (12) (13) . Consequently, Eq. (11) which has been considered as the answer of the systems without any damping component can be rewritten as follows
5 Application of initial conditions to compute constant coefficients and angular frequency by AGM
In AGM, the application of initial conditions of Eq. (2) is done in the two following forms (a) Applying the initial conditions on the answer of differential equation. In regard to the kind of vibrational system (with external force and without external force) which was completely discussed in the previous part of this case study, a function is chosen as the answer of the differential equation from Eq. (5) or Eq.(6) for the systems without external forces and from Eqs. (11) (12) (13) (14) (15) for the defined systems with external forces and then the initial conditions are applied on the selected function as follows:
It is notable that IC is the abbreviation of introduced initial conditions of Eq.(2). Assume the general equation of the vibration such as Eq. (1) with time-independent parameter (t)and dependent
Therefore on the basis of the kind of vibrational system, a function as the answer of the differential equation such as Eq. (5) or Eq. (6) and Eqs. (11) (12) (13) (14) (15) are considered as follows
In this step, the afore-mentioned equation is substituted into Eq. (17) instead of (u) in the following form
Eventually, the application of initial conditions on Eq. (19) and its derivatives is expressed as
To end up, it is better to say that in AGM after applying the initial conditions on answer function Eq. (16), and also the function differential equation and on its derivatives from Eq. (20) according to the order of differential equation and utilizing the two given initial conditions of Eq.(2), a set of algebraic equations which is consisted of n equations with n unknowns is created. Therefore, the constant coefficients ( a, b, c, d, angular frequency (ω) and initial phase (φ) and ϕ ) at Eqs. (11, 12) are easily achieved which this procedure will thoroughly be explained in the form of an example in the foregoing part of this paper.
It is noteworthy that in Eq.(19), we are able to use the derivatives of f (t) with higher orders until the number of yielded equations is equal to the number of the mentioned constant coefficients of the assumed answer.
6 Application Example 1. In accordance with the following picture, consider the Van Der Pol Oscillator problem [22, 23] with its nonlinear equation as below
The initial conditions are expressed in the forms of 
Solving the differential equation with AGM
For solving the above equation, first of all we rewrite the problem Eq. (21) in the following order
On the basis of the given explanations in the previous section, the answer of Eq. (22) in AGM is considered as follows:
In AGM, the constant coefficients of Eq.(24) which are ω (angular frequency),a, b and φ (initial vibrational phase) can easily be computed by applying initial conditions or boundary conditions according to the physical aspects of the problem.
Applying boundary or initial conditions
In accordance with the proposed physical model, there are no boundary conditions so the constant coefficients of Eq. (24) are achieved just with respect to the given initial conditions which are presented in Eq. (22) . It is notable that initial or boundary conditions are applied in two manners in the following forms (a) The initial conditions are applied on Eq.(24) in the form of
To simplify, IC is considered as the abbreviation of the initial conditions. As a result, applying the initial conditions on Eq. (24) is done as
(b) The application of initial or boundary conditions on the main differential equation which in this case is Eq.(23) and its derivatives is done in the following general forms As a result, the above procedure is done on the yielded equation and its derivative as
And then, we have
By solving a set of algebraic equations which is consisted of four equations with four unknowns from Eqs.(26-27) and Eqs.(29-30), the constant coefficients a, b, φ, and ω of Eq. (24) can easily be yielded as follows:
After substituting the obtained values from Eq.(31) and into Eq. (24), the solution of the mentioned problem will be obtained as follows u(t) = cos(t − 1.570796327).
Example 2. with consideration of the following figure consider the nonlinear equation [24] as below
The initial conditions are introduced in the forms of 
Solving the differential equation with AGM
For solving the above nonlinear equation first all we rewrite the problem Eq.(33) in the following order
To solve the nonlinear differential equation by AGM, it is necessary to consider a function as the answer of the problem which is explained the previous part, so we consider the answer of the problem as follows:
On the basis of the given explanations, the existence of the term e −a·t in Eq. (36) indicates that there is a damping component in the oscillating system. Since there are not any damping components in the mentioned example, the term a in Eq.(36) will automatically be zero after applying the initial conditions in AGM. Moreover, the constant coefficient b, the initial vibrational phase φ and finally the angular frequency ω can be computed by applying the initial conditions. According to above theory the answer of the problem is assumed as following
Applying boundary or initial conditions
In regard to the proposed physical model, there are no boundary conditions so the constant coefficients of Eq. 
To simplify, IC is considered as the abbreviation of the initial conditions.
As a result, applying the initial conditions on Eq.(37) is done as
And
(b) The application of initial or boundary conditions on the main differential equation which in this case is Eq. (35) and its derivatives is done in the following general forms As a result, the above procedure is done on the yielded equation and its derivative as:
By solving a set of algebraic equations which is consisted of seven equations with seven unknowns from Eqs. 
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With regard to Eqs.(47-56), the constant coefficients of Eq.(37) can be rewritten as follows: 
Conclusion
The current study presents that AGM is efficient and accurate in comparison with numerical method (Ruge-Kutta,R 4 ) and by utilizing this method through mentioned examples it would be obvious that AGM have the strong ability to solve nonlinear equations especially vibrational equations.
In Example 1 of this paper investigation has been done through Van Der Pol oscillator which is under many studies in decades, solving the afore-mentioned equation by AGM with only one term of assumed function as the answer of equation (according to basic idea of AGM), results of this procedure shows the accuracy and simplicity of AGM which is obvious in the relevant plots and table, we could certainly claim that the answer that is obtained by this method is exactly the same as numerical solution.
In example 2 of this paper investigation has been done through another nonlinear equation with physical constant In AGM it is very convenient and easy to find the solution of the differential equation and also the angular frequency (ω) simultaneously only by selecting a function as the answer of the differential equation in regard to the kind of the operation of the system. In AGM, the angular frequency (ω) is always obtained with the other unknown parameters of the oscillating systems such as initial vibrational phase, etc. in contrast to HPM and VIM and other semi-analytical methods. Therefore, it is logical to say that AGM is a very applicable and suitable approach for solving nonlinear differential equations. In addition to the afore-mentioned explanations after applying initial conditions on the considered answer, we exit from the field of differential equation into a set of algebraic equations. Then, by solving a set of algebraic equations which is a simple procedure, the constant coefficients of the considered answer and also the angular frequency can easily be obtained. 
